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Experiments and Analysis for Composite Blades Under Large
Deflections Part I: Static Behavior

Pierre Minguet* and John Dugundjit
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The static behavior of structurally coupled composite blades is investigated analytically and experimentally in
this paper. A model, based on the use of Euler angles, is developed that can account for the presence of
arbitrarily large deflections without the need for any ordering scheme. A simple iterative finite-difference
solution procedure is then presented. Some experiments using thin flat composite cantilevered beams are also
performed, and the data obtained compare well with the results from the analysis.

Introduction

N recent years, composite materials have emerged as a

primary material for helicopter rotor blades and are show-
ing great promise for improved performance in a new genera-
tion of helicopters. However, as with the introduction of any
new technology, a large amount of basic research is needed in
order to obtain a better understanding of the new problems
created by the use of composite materials. One such problem
of interest here is the presence of structural couplings such as
extension-twisting and bending-twisting that can be used to
improve the dynamic and aeroelastic performance of heli-
copter rotors.! Another problem is to develop an analytical
model to describe the static and dynamic behavior of long
flexible blades. Initial work on the subject focused first on
obtaining a set of equations capable of describing the linear
coupled bending and twisting behavior of nonuniform
blades.*’ However, it has been shown that nonlinearities can
be important in calculating the dynamic response and aeroe-
lastic stability of hingeless rotors.%7 Several approaches have
been taken to study that aspect, with much work having been
done to develop sets of equations including nonlinear terms of
various orders. Most of these procedures rely on some order-
ing scheme, which can become quite involved algebraically, in
trying to determine which terms are to be retained and some
uncertainty always as to the accuracy of the procedure.?-'0
Recently, some work has also been done using the finite-ele-
ment method for the nonlinear behavior of rotor blades.!!!?

In this paper, a new model based on the use of Euler angles,
without any limitation on the magnitude of displacements, is
presented. A simple and fast finite-difference solution proce-
dure is introduced and illustrated with a few examples. These
analytical results are then compared with experimental data
obtained for several cantilevered graphite/epoxy thin blades.
More detailed analytical and experimental results from this
study can be found in Ref. 13.

Analysis

The major part of the analysis is to develop a model for the
large (nonlinear) static deflection behavior of beams with var-

ious kinds of structural couplings such as extension-twist and .

bending-twist. While presenting first all of the necessary equa-
tions, some of the basic assumptions of the classical theory of
beams will be briefly recalled and those that need to be modi-
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fied in order to analyze the large deflection behavior of beams
will be indicated. The first assumption of the classical theory
is that the beam is much longer in one direction and its cross
section is undeformable and therefore will not change shape
under load. This allows one to reduce the problem to a one-di-
mensional model in which all displacements are a function of
only one coordinate, namely, the beam arc length s measured
along some reference line. This assumption is usually true for
most helicopter rotor blades and will therefore be retained
here.

Therefore, the beam position in space can be completely
described by the position of its reference line. As shown in Fig.
I, two coordinate systems are introduced. The first one (x, y,
Z) will hereafter be referred to as the global coordinate system
that will remain fixed in space at all times; the second one (£,
7, ¢) is the local axes system that will follow the beam cross
section during its motion. For the time being, it will be as-
sumed that the transverse shear strains in the cross section are
not significant so that we can presume the cross section re-
mains orthogonal to the reference line at all times. With this
assumption, it follows that the £ axis will be both normal to
the cross section and tangent to the reference line. The other
two axes n and { then belong to the plane of the cross section
and can be chosen arbitrarily.

In order to describe the deformation of the beam in space,
the reference line position is identified by its three displace-
ments u, v, w measured along the global axes. The attitude of
the cross section, and thus of the local axes system, is de-
scribed with the use of the three Euler angles ¢, 8, 6 as shown
in Fig. 1. In order to go from the global to local axes, rotations
are done in the following order: ¥ around the { axis, 8 around
the new 7 axis, and 6 around the new £ axis. A transformation
matrix from the global to local axes system is then defined as
i l\

| =171 0]

i i

where i, i,, i. are the global axes base vectors, i, i,, i; are the
local axes base vectors, and [T] is the transformation matrix.
The transformation matrix can be obtained by performing
the three individual rotations in the order just indicated. All
multiplications complete, the transformation matrix is

cosf3 cosy cosfB siny sinf3
—cosf siny + cos@ cosy sinf cosf
[T] = | —sinf sinB cosy  —sind sinf siny (2)
+sinf siny —sinf cosy cosf cosf3

—cosf sinB cosy  —cosh sin8 siny
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Fig. 1 Global and local axes. M

Also, as for all rotation matrices, the inverse of the rotation
matrix is equal to its transpose and is also the rotation from
the local to global axes

(11~ '=1[71" 3

When moving the local coordinate system along the refer-
ence line from a point s to a point s + ds, the local axes (¢, 9,
©) undergo a small rotation and the change in the transforma-
tion matrix is given by the following rotation:

dir
an _ [w] [T] 4
ds
with
0 P Wy
fwl= | —w; 0 w;
Wy — W 0

where w; is the twist rate, w, the bending curvature around 7
axis, and w, the bending curvature around { axis. After post-
multiplying both sides of the equation by [T]~! and taking the
derivatives of [T}, we obtain the following relations:

0 L dy
we = &S + sinB s (52)
g . dy
w, = = cosf o + sinf cosf3 s (5b)
d d
w; = sind —B + cosf cosf —¢ (5¢)
’ ds ds

The next step in beam theory is usually to write equilibrium
equations for a differential element of the beam reference line.
for the classical theory of beams, in order to keep the equa-
tions linear, equilibrium equations for a section of the beam
are written in the beam undeformed position, so that stresses
and displacements are not directly coupled in the equilibrium
equations. The present model has to differ on this point since
in the large deflection problem, it is necessary to take into
account the beam deformed position in space while evaluating
equilibrium equations.

On each cross section, it is further assumed that the internal
stresses can be defined by their resultant force and moment
vector that are defined in the cross section local coordinates

F = Fyis + Fsi, + Fyi. or F = (F,Fy,F)7 (6a)

M = MliE + Mgi,l + M}i\- or M= (Ml,Mz,Mj;)T (6b)

Fig. 2 Force and moment equilibrium.

Equilibrium equations can then be writter: hy considering an
infinitesimal element of beam of length ds with forces F and
moment M acting on one side and F + dF and M + dM on the
other side as shown in Fig. 2. Because of the large deflections
and rotations, two types of distributed forces and moment are
considered as applied on this element: The first type represents
loads that are measured in the global coordinate system and
the second type represents loads that are measured in the local
coordinate system. For example, gravity loads should always
be measured in global axes and aerodynamic loads should be
used in local axes. Thus, writing first the translation equi-
librium in global axes, we obtain following three equations

~[TVF + (T + [dTHF + dF) + [T)ptds + p©ds =0
where p! is the load vector in local axis and p© the load vector

in global axis. If we premultiply by [T] and use Eq. (4), the
final equations are

%g+[wlrf"+p”+[T]pG=0 Q)

Or, if we expand this matrix equation, three scalar first-order
differential equations can be written

dF; R N

d_sl — wiFs + o, Fy + pt+ Topl + Typs + Tiapf =0
dF, . .

dsﬁ + il — w4 pi+ Tupl + Toyps + Tupf =0
gﬁ—wF+wF+ Ly Toypl+ Tapf + Tyupf =0
as ol o+ P nP 3202 3303

Similarly, the moment equilibrium can be written around
the left side of the beam element

—[T17dM +([T] + [dTDH(M + dM)
+ [TV[dF X (F + dF)] + [T)"m!ds + m%ds =0
where
m' = applied moment in local axis

m¢ = applied moment in global axis
dr =(ds, 0, 0)/, t =dr/ds unit tangent

If we premultiply by [7], the final equations are

dH/‘;-InL[wVMJr(t><F)+m"+[T]mG-—-0 ®)
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Expanding this relation in scalar form gives the following
first-order differential equations:

% — oMy + oMy +mf + Tym? + Tomf + Tiymy =0
g% + oM, — oMy — Fy + mj + Tym{ + Tymy’

+ Tym{ =0
dc/l\j3 ~ oM\ + oMy + Fy+ m{ + Tsym{ + Tymy?

+ Tumy =0

Note that these equilibrium equations are nonlinear in two
respects: First, the curvature tensor [w] is a function of the
internal force and moment vector so that the second term in
the equilibrium equations is actually a quadratic-type term.
Second, the loading may depend on the deformation, that is,
on the three Euler angles that appear in the transformation
matrix [7]. These nonlinear force and moment equilibrium
equations in local coordinates are similar to those given by,
among others, Rivello in Ref. 14,

As in any structural mechanics model, the next group of
equations necessary to the solution of the problem is a series
of compatability equations relating the generalized strains to
the displacements, which, in this model, are the curvatures
and Euler angles, respectively. When we go back to Eqgs. (5)
and invert them, the following relations are found:

de

s = w; — sind tanf w, — cosh tanf w; (9a)
5

9(5 = —cosf w, + sinf w; (9b)

% siné cosf

= —— + — W 9
ds cosB “n cosf “r ©9)

Note that these equations will become singular for 8 = 7/2,
which indicates that Euler angles cannot be used if a segment
of the beam is parallel to the z axis. For practical purposes,
this is not considered a serious limitation for the kind of
beams that will be analyzed in this study. Note, however, that
other similar representations are available that overcome this
limitation of Euler angles, such as Euler parameters or Ro-
drigues parameters.'?

Another set of compatability equations relates displace-
ments and Euler angles using the transformation matrix

dx (1 +¢)ds
dy | =[T1" 0
dz 0

where ¢ is the axial strain along the reference line. Expanding -
this also gives three first-order differential equations

d_x = (1 + €) cosB cosy

s (10a)
dy .
— = (1 4 €) cosf siny (10b)
ds
91+ o sing (10¢)
ds

where x, y, z represent the coordinates of the deformed refer-
ence line.

The last relations needed to complete the system of equa-
tions are a set of generalized stress-strain relations. In its most
general form, they can include couplings between all six
stresses, i.e., the three force resultants and the three moment
resultants, and all six strains, i.e., the axial strain, the two
transverse shear strains, the twist rate, and the two bending
curvatures.

(Fl_ —E” E, Es Ey Es Elﬁ_ [e ]

F Ey Exn Ey Ex Ex Yy

F; Ey; Ey Exs Ex Vi

M, B Ey Ess Ey Wi an
M, SYM Ess Eg W,
) | o] Lo

In this notation, Ej, represents torsional stiffness, Ess and
E¢s bending stiffnesses, etc. )

Solution Procedure

All of the necessary equations have now been obtained for
the static large deflection model. Everything considered, there
are 12 unknowns, i.e., three force components, three mo-
ments, three angles, and three displacements, after eliminating
the curvatures and strains by the inverted stress-strain rela-
tions (11). Corresponding to these 12 unknowns, there are also
12 first-order nonlinear differential equations, namely, Egs.
(7-10).

To solve this system, these equations are first discretized by
dividing the beam into a finite number of nodes (V) and using
centered finite-difference formulas to represent derivatives.
For instance, for the first group of force equilibrium equa-
tions written as

dF;
24 Gi=0 k=123
ds
one obtains
Fl*' —F} oy
A K LGtV =0  k=1,2,3 (12a)
As
i+ 1/2 1 i+ 1 i ; s
Gi' =2 | Gi" ' + G i=1,N—1 (12b)
This gives the following recurrence equation:
) . As . .
Fi*' =F] -3 [GA’.“ +GA'] k=1,2,3
i=1,N—1 (13)

Because G, is a nonlinear function of forces, moments, curva-
tures, and angles, an implicit scheme is used where F} refers to
values at iteration (n + 1), whereas G, is calculated using
values obtained at the previous iteration (n#). A similar form
can be easily obtained for the moment equilibrium equation
(8) and the compatibility equations (9) and (10).

Then, it is important to note that for the case of cantilevered
beams that will be considered here, all forces and moments are
known boundary conditions at the tip of the beam, and all
angles and displacements are given at the root of the beam

FY=0 and M) =0 k=1,2,3

'=3'=¢'=0 and x'=yp'=z'=0 (14)

Under these conditions, the following iterative procedure is
then used to integrate these discrete equations:
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1) All quantities are initialized to zero.

2) Force and moment equilibrium equations (7) and (8) are
integrated from the tip of the beam to the root, i.c., from
i =N —1toi=1, using the relations (13). Note that in the G
term in these relations, both curvatures, angles, forces, and
moments are present. However, at this step these are kept
constant at the value they had at the previous iteration.

3) New curvatures w; are calculated using the inverted stress-
strain relations (11) and the forces and moments calculated in
the preceding step.

4) New angles and displacements are calculated using the
preceding compatability equations (9) and (10) discretized in
the same way as the equilibrium equations (13), and proceed-
ing now from the root to the tip.

S) A convergence test is applied, and if not met, a new
integration iteration is done starting at 2). The following crite-
rion is used:

with e = 1077 typically and L = beam length.

Normally, a certain loading is applied to the beam and the
corresponding displacements are found directly using this pro-
cedure. For certain cases, however, it is necessary to stabilize
the iterations by using some form of underrelaxation, espe-
cially when axial loads (either tensile or compressive) are pre-
sent. It is also possible to use an incremental loading by start-
ing step 1) with the solution obtained at the preceding load
level. When using underrelaxation, the following modification
is done at step 4) when updating the angles. Normally,

AzN

L

<e

5>

AX"
L

Ay
’ L

[0i+1]n+l _ [0[]n+l + [A0i+(1/2)]n
which becomes
[0i+ 1]n+1 — (1 — U)[B“’ I]n + a([ai]n+l + [A0i+(1/2)]n) (15)

where ¢ is the underrelaxation factor, from 1 (no underrelax-
ation) to 0 (no increment for #'*'), and n is the iteration
number. An identical formula is used for.8 and y.

The choice of a value for ¢ is given primarily by experience
and is mostly affected by the magnitude of the axial load
applied to the beam, for instance, through centrifugal forces.
in that case, the higher the loads, the lower the o used. Typical
values ranged from 1 to 0.3.

Once new angles have been calculated with underrelaxation,
it is necessary to calculate, using Eqgs. (5), a new value for the
three curvatures based on the new angles in order to still satisfy
exactly the compatability relations. If that is not done, the
integration of the equilibrium equations (7) and (8) will be
incorrect and lead to an unstable scheme in the presence of
axial loads.

Applied Loads
As an example, two kinds of loadings are considered here as
applied on the blades. The first one is simply gravity and the
blade’s own weight, which will appear in the term

py

= —mg (16)
where /n is the blade mass per unit length and g the gravity
constant.

The next type of loading consists of centrifugal forces or,
more precisely, their time-independent component. We as-
sume that the global axes (X, Y, Z) are rotating at a constant
angular velocity € and use the well known relation to define
the force acting on a volume element dV in a rotating coordi-
nate system (Fig. 3)

dF = —p[@x (2% r)] dV (17
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Fig. 3 Centrifugal forces.

where p is the mass density and @ the rotation vector around
the Z axis:

r=y )"+ [T1N0, 3, 7 (18a)
=06y "+ (Tan+ Tag, Ton + Tl Ton + Tad)’
(18b)

Note that the first part of the preceding position vector repre-
sents the position of the center of the cross section and the
second part the position in the global axes of a point (£, ) on
that cross section.

Integrating this force (17) over the cross section gives the
force resultant per unit length defined in global axes. But first
we list the definition of some well-known quantities

\ \ on dn d{ = my,,, ofdn di=m¢,
oA JA

v

pldndi=1,
JA

\ \ pn* dy df = I,
oo

If we use these quantities, centrifugal forces are expressed as

on¢ dn di = Ig
A

PE=Qmx + Tyne + Tifel (19a)
sz = sz[y + T227]c‘g + T32§-cg] (19b)
py=0 (190

Similarly, centrifugal moments can be calculated by taking
the moment around the center of the cross section
21+ Ty §
Toon + Tyt
Ty + Ti¢

dm%=p xdF with p=

mg

il

N (Tommee + Talee) + ToaToslie + TyTl,, |
+ (T32To + T Ta3)l ¢

.

(20a)

mé =
- + (T3 Ty + Ty Ti3)l

¢ 92 l:’”X(Tz,ﬂ’hy + Taslee) + Toy Tosle + T31T33I,,,,_
oo

(20b)

’"}“ + Ql [ ’"y(TZITI(:u + Tllg-(:u) - 'nX(TZZYI(;Q + T}Z?(;L:)]

(20c)
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Fig. 4 Static tests’ setup (all dimensions in mm).

Experiments

Several experiments were performed to verify the analytical
models presented in the preceding section. These experiments
consisted of a series of static bending tests on several
cantilevered flat beams of various layups.

During the static tests, the specimens were mounted in the
fixture, shown in Fig. 4, which consisted of several elements.
First, a stiff aluminum base was attached to a ‘‘strong back”
by two bolts. This base contains holes into which an aluminum
shaft is fitted. This shaft can be rotated so that the root of the
beam is positioned at a variable angle in the vertical direction
and is held in place with a screw. The outer end of the shaft is
flattened over a 50 mm portion where the specimen is placed.
An aluminum top plate is then placed over the root of the
specimen and tightened with two bolts. The beam is aligned
and made horizontal with a level. The strain gauges are con-
nected to a gauge box. Under the beam, a sheet of graph paper
is placed on a table that is also made horizontal with a level.
A variable load consisting of different weights is applied at the
tip of the beam. For each load, the value of all six gauges is
recorded; by using a square angle placed on the table, the
vertical deflection of four points on the beam (two on each
side, as indicated in Fig. 4) is also recorded, as well as the
vertical projection of these points on the graph paper sheet, in
order to measure the displacements of these points in all three
directions. For each beam, the tests are first performed with
the root of the beam horizontal and then with the root of the
beam turned at an angle of 45 and —45 deg.

Constitutive Properties

Before describing the analytical and experimental results, it
is necessary to define some of the material properties used for
the examples next presented. The basic (nominal) ply proper-
ties of the AS4-3501/6 graphite/epoxy are given in Table 1.
Classical laminated plate theory is then used to calculate the
laminate properties of each layup used, and the results for the
layups used here are shown in Table 2. It is important to note
that the basic ply properties used were obtained from static
tensile tests only. For the bending and dynamic behavior of
thin laminates, it is often suggested that these properties
should be modified and, in general, reduced. In this investiga-

Table 1  AS4/3501-6 ply properties

E; =142 GPa

E;=9.8 GPa

G, =6 GPa
Vir =0.3

toly=0.134 mm
p=1580 kg/m3

Table 2 Laminate properties

£=1.49%x10"3m
E»n=26x105N FE;3=29x10°N
Ess=0.707 Nm2Egg =276 Nm?

t=147%x10"3 m

E»=2.6x105N FE;3;3=5.5x105N
Ess=0.522 Nm?  Eg=298 Nm?
E45=0.102 Nm?

[0/90]35 laminate
Ei1=3.7x106 N
E44=0.183 Nm2

[45/0]3s laminate
E;j1=40%x108N
E44=0.368 Nm?
E;2=2.7x105 N

[20/ —70/ —70/20]3, laminate t =1.92x10-3m

E1=39%x105N Epn=11x106N E3;3=12x10°N
E44=1.18 Nm? Es5s=0.983 Nm2 Eg=290 Nm?2
E14=522 Nm

Note: in more conventional terms, £, ~EA, Ep=GA,, Ey=~GA, Ey~GJ,
Ei=El, Ew=~EI, E;=extension-shear coupling, E,,=extension-twist cou-
pling, E,; = bending-twist coupling.

tion, however, it was found that this modification was appar-
ently not necessary: When examining such a thin laminate
after cure, it was noted that a layer of epoxy (from the bleed-
ing process) covers both sides of the whole laminate. By using
a fine grit sand paper to remove most of that layer and
measuring the laminate thickness before and after doing so, it
was found that these two layers (i.e., on both faces) are about
0.1 to 0.2 mm thick. Therefore, the load-carrying section of
the laminate is actually smaller than what is measured nor-
mally. This might not sound like a large difference, but com-
pared, for example, to laminate nominally 1.6 mm thick, a 0.2
mm reduction represents a 12% change, but more impor-
tantly, it represents a 32% reduction in bending stiffness
(which is a function of the cube of the laminate thickness).
Therefore, the thickness reported for all the laminates and
used in calculating the specimens’ constitutive properties
shown in Table 2 is the value measured after removal of the
epoxy layers.

Analytical and Experimental Results

The results from the static model are described in this sec-
tion. By using the preceding material properties and the actual
specimen dimensions as input, the static analysis program is
run with a variable-applied tip load. All of the runs were made
on DEC MicroVax Il computer and each analysis with about
10 load levels takes approximately 30 to 60 s of CPU time,
longer times being required for cases with larger deflections.
The beam length was divided into 56 discrete nodes for plot-
ting convenience, but as little as 15 nodes are usually sufficient
to obtain an accurate solution. An underrelaxation factor of
0.9 was used and each load case took between 5 and 18 itera-
tions to converge.

Several types of flat beam specimens, 560 mm by 30 mm,
were used in the static test to illustrate the effects of some of
the structural coupling terms. Flat beam specimens were cho-
sen because of their low bending stiffness, which allows them
to reach very large displacements without any structural fail-
ure. The first specimen has a [0/90]s;, layup, without any
coupling to serve as a reference. The next one is a [45/0);,, to
illustrate the effect of bending-twisting coupling, whereas a
[20/ —70/ —70/20}-, layup was used to illustrate the effect of
extension-twist. This last layup also has the interesting pro-
perty of not having any thermal residual curvature while being
an antisymmetric layup.
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Fig. 5 Comparison between analysis (lines) and experimental data
(symbols) for a[0/90]3, beam with its root at 0 deg.
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Fig. 6 Comparison between analysis (lines) and experimental data
(symbols) for a [0/90]3, beam with its root at 45 deg.
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Fig. 7 Comparison between analysis (lines) and experimental data
(symbols) for a [45/0]3; beam with its root at 0 deg.

In Fig. 5, the measured displacements # and w for the
[0/9015, specimen, with its root oriented at 0 deg are plotted vs
the tip load. Note that these displacements are measured at a
station located 500 mm from the root, and that u is actually
negative and v is zero in this case. The initial behavior for w is
fairly linear and tends to stiffening as the load increases up to
a maximum tip deflection of about 40% of the beam length.
As expected from the linear solution, u is initially very small
and the tip of the beam starts moving in toward the root only
when significant rotations are obtained. The error rate for the
u displacement is slightly higher than for the other displace-
ments because the analysis results for # are more sensitive to
the beam initial shape (i.e., before loading). For instance,
running the analysis with a beam initially straight or slightly
curved makes some difference for & but not much for v or w.
In the results presented here, the beam’s own weight is in-
cluded but not the beam residual curvature from manufactur-
ing, and all displacements are measured from that initial posi-
tion (as in the experiments). In Fig. 6, the root of the beam has

AIAA JOURNAL
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Fig. 8 Comparison between analysis (lines) and experimental data
(symbols) for a [45/0]3; beam with its root at 45 deg.

T T T
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u, v, w [mm]

Fig. 9 Comparison between analysis (lines) and experimental data
(symbols) for a [45/0]z; beam with its root at —45 deg.

been turned to an angle of 45 deg. In this case, all three
displacements are present and u is again negative (as in all of
the following figures). Here, since the bending stiffness
around the strong axis is so much greater than around the
weak axis, most of the displacement occurs in a 45 deg direc-
tion, that is, by bending around the weak axis, so that the v
and w displacements are initially equal. However, as the load
and displacements increase, a twisting moment develops in the
beam that tends to turn the beam weak axis toward a more
horizontal position, thereby increasing the vertical displace-
ment w. As one can see, the agreement between the experi-
mental data and analysis is excellent, even at the highest loads
where the nonlinearities become more significant.

The next set of examples illustrates some of the data taken
for the [45/0];, beam. The measured tip displacements u, v, w
for that beam with its root at a 0 deg angle are shown in Fig.
7. The most striking difference when comparing this plot with
the similar one shown for the [0/90];, beam is the presence of
a significant v displacement. This is a good illustration of a
consequence of the bending-twisting coupling present in this
beam: As the tip load is increased, bending moments are
created in the beam that cause it to twist. Then, since the cross
section is rotated, displacements occur in the horizontal as
well as the vertical plane since the beam tends to bend around
its weak axis. Also, as in the preceding case, the large displace-
ments tend to reduce w and increase u. In Fig. 8, the root of
the beam is rotated to an angle of +45 deg, and then in Fig.
9 to a —45 deg angle. Note that v is positive in Fig. 8 and
negative in Fig. 9. Although the behavior with the root at a
+45 deg or —45 deg was virtually identical for the [0/90];,
beam, a comparison of the two figures reveals quite different
behavior for this beam. In the +45 deg case, v and w remain
equal for most of the loading, whereas for the —45 deg case,
they become different very rapidly. This is again a conse-
quence of the bending-twist coupling. In the + 45 deg case, the
twist caused by the tip load and the large deflections is com-
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Fig. 10 Comparison between analysis (lines) and experimental data
(symbols) for a [20/ —702/20]2, beam with its root at 0 deg.

LOAD [g]

u, v, w [mm]

Fig. 11 Comparison between analysis and experiments for a [20/
— 70/ —70/20]2, beam with its root oriented at 45 deg.

pensated by the twist from the coupling effect so that the cross
section does not rotate very much and bending occurs mostly
in the +45 deg direction. In the —45 deg case, however, the
twists from both effects add up, causing the cross section to
rotate at an angle less than the initial 45 deg angle, thereby
causing much larger w displacements. Once again, the agree-
ment between the analysis and the data is very good, with a
little offset noticed in certain cases for # or v. The model is
able to fully take into account the strong bending-twist cou-
pling present in this layup.

The last example shown here is the [20/—70/—70/20],,
beam. The results with the root at a 0 deg angle are shown in
Fig. 10. The results are qualitatively very similar to those of
the [0/90];, specimen, and the extension-twist coupling does
not have very much influence here since the axial load is very
small. The results for the case with the root at a + 45 deg angle
are shown in Fig. 11; the results for the —45 deg case are
virtually identical and are not shown here. When compared
with the results of the [0/90];, specimen, one can see that v and
w tend to remain equal longer (i.e., up to larger deflections);
this is due, in part, to the fact that this layup has a much

higher torsional stiffness than the [0/90];, layup and therefore
tends to twist less under the tip load.

Conclusion

An analytical model capable of analyzing the large deflec-
tion behavior of beams with structural couplings is presented.
Euler angles are used to describe the beam deformed position
and to derive equilibrium and compatability equations with-
out any ordering scheme. The iterative solution procedure
used to solve these equations is fast and accurate. A series of
bending tests performed on several graphite/epoxy canti-
levered thin beams illustrate well the large deflection behavior
of flexible blades. The data obtained compare very well with
the analytical results and will provide useful reference cases.
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